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Abstract 

The linearized interactions of eleven-dimensional supergravity are obtained in a man- 
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certain one-loop processes involving external gravitini, antisymmetric three-form poten- 
tials and gravitons, thereby determining some protected terms in the effective action of 
M-theory compactified on a two-torus. 



July 1999 



1. Introduction 

Classical eleven-dimensional supergravity [|J is the long wavelength or low energy 
limit of M-theory ||. In a number of papers |||]||^| it has been shown that certain 
one-loop quantum calculations in compactified eleven-dimensional supergravity generate 
terms in the effective M-theory action that arise in string theory as perturbative and 
non-perturbative effects. These loop calculations would have been very complicated using 
standard Feynman rules for the component fields, in which the many cancellations between 
different contributions are not at all apparent. Such cancellations would be natural in a 
covariant eleven-dimensional superspace formalism, but such a formalism only exists for 
the on-shell theory 0. In the absence of useful eleven- dimensional covariant superspace 
Feynman rules, these one-loop calculations made use of a supersymmetric light-cone gauge, 
in which sufficient supersymmetry is manifest to streamline the calculations. The purpose 
of this paper is to obtain the light-cone gauge Feynman rules that were used in the earlier 
papers and illustrate their use by evaluating some further one-loop amplitudes. 

We will start from the quantum mechanical description of the massless eleven- 
dimensional superparticle to obtain vertex operators that describe interacting particles 
in linearized approximation. This will be sufficient to evaluate the one-loop Feynman 
diagrams by integrating over the world-lines of the circulating particles, with the vertex 
operator insertions representing the interactions with the external particles. This ap- 
proach is modeled on the standard methods for evaluating string theory diagrams. It has 
also proved to be an efficient method |§ for calculating radiative corrections to Yang-Mills 
theories of relevance to the Standard Model and S-matrix elements in N = 8, d = 4 
supergravity [llj. In the case of the four-graviton amplitude the loop calculation reduces 
to the strikingly simple form of a simple kinematic factor multiplying a scalar field theory 
box diagram. 

In section 2 the global and local symmetries of the eleven-dimensional superparticle 
action will be elucidated and the light-cone superspace quantum mechanics described. The 
light-cone superspace form of the vertex operators that describe the cubic interactions of 
the component fields will be introduced in section 3. As with the analogous superstring 
vertices these describe the emission of on-shell particles. In this case these comprise the 
graviton, gravitino and three- form potential with vertices that will be denoted Vh, 
and V C (3), respectively. The form of these vertex operators is uniquely determined by 
the requirement that they transform appropriately under the 32-component supersym- 
metry transformations, which form an SO(10, 1) spinor. In the light-cone gauge these 
supersymmetries divide into sixteen linearly realized transformations and sixteen that are 
realized nonlinearly. The linear supersymmetry transformations are sufficiently simple to 
be checked completely. In order to determine the complete expressions for the vertices the 
only nonlinear supersymmetry transformation that needs to be checked is that of the gravi- 
ton vertex. The nonlinear transformations of the other vertices are complicated and will 
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not be considered. Certain total derivatives with respect to the world-line time parameter 
arise in the closure for the supersymmetry algebra which determine the time variations of 
the cubic interaction contributions to the light-cone supercharges. Closure of the super- 
symmetry algebra also generates higher-order interaction terms involving arbitrary powers 
of the superfields, but these will not be considered here. In section 4 dimensional reduc- 
tion of the linearized eleven-dimensional theory on a circle is shown to reproduce the point 
particle limit of the corresponding linearized IIA superstring theory. 

Section 5 will describe the use of these vertex operators to calculate certain classes 
of one-loop amplitudes in eleven-dimensional supergravity compactified on a circle or a 
two-torus. The particular processes that we will consider are ones that correspond to in- 
teractions in the effective action that are integrals over half the on-shell superspace and are 
very strongly constrained by supersymmetry. We will argue that the one-loop amplitudes 
for such 'protected' processes may be calculated completely by using the linearized (cubic) 
interaction vertices and do not recieve contributions from higher order contact terms. In 
part this will fill in details used in obtaining the one-loop results described in |3],|[] where 
connections to perturbative and nonperturbative D-instanton induced terms in type IIB 
string theory |11[| were made. In addition some further amplitudes will be evaluated that 
lead to terms in the IIB effective action involving the third-rank and self-dual fifth-rank 
field strengths. 



2. The massless eleven-dimensional superparticle in light-cone gauge 

The configuration space of an eleven-dimensional superparticle has eleven bosonic 
coordinates, X^ (/} = 0, 1, • • • , 9, 11), which form a SO(10, 1) vector and 32 fermionic 
Grassmann coordinates, Q A (A = 1, . . . , 32), that form a Majorana SO(10, 1) spinor. The 
action for such a particle is given by 

SparUcle = \J 6^11% (2.1) 

where 

if = x^ - zer A e, (2.2) 

where the matrices T M are 32 x 32-component Dirac matrices. The equations of motion 
that follow from this action are 

n 2 = o if = o r A n A e = o . (2.3) 

The action is invariant under global Poincare and supersymmetry transformations, 

S a Q = a, = iaV^Q, (2.4) 
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where a A is a constant majorana spinor parameter, as well as local reparameterizations 
and kappa symmetry transformations, 

s K e = o^n^, 5 K x^ = zer^e, s K e = 4e~§K, (2.5) 

where the parameter k (r) is a Majorana spinor and a world-line scalar density. 

There is no obvious way of formulating the quantum mechanics of this system co- 
variantly but it is straightforward to quantize the system in the light-cone gauge. This is 
defined by using the reparameterization invariance and kappa symmetry to choose 

x+ = x+ + p + t, r+e = 0, (2.6) 

where the light-cone coordinates are defined byS 

X+ = -L(X° + X% x - = -L(x°-x') (2.7) 



and 



r+ = -Ur° + r 9 ), r- = -Ur°-r 9 ). (2.* 

v 2 V 2 



The matrix r + projects onto a 16 x 16 subspace spanned by SO (9) Majorana spinors. 
In this gauge the action is expressed in terms of the transverse coordinates, X 1 (r) (I = 
1, • • • , 8, 11), and the 16-component SO (9) spinor, S A (A = 1, . . . , 16), so that 

Si.c. = [ drihx^-iSS). (2.9) 



The equations of motion, dX 1 jdr = = dS A /dr imply that both the momentum op- 
erator, p 1 = X 1 and the fermionic operator S A are constant. The (anti) commutation 
relations that follow from the Poisson brackets are 



[X\p J ]=i5 1 \ {S A ,S"} = 8 A *. (2.10) 

The 32 components of the 5'O(10, 1) space-time supersymmetry decompose into a 
16-|- of SO (9) x £7(1) that is linearly realized and a 16_ that is nonlinearly realized. The 
linearly realized supersymmetries are those components that satisfy F + a = and will be 
associated with a spinor parameter 77. They are generated by the S A and their action on 
the coordinates is given by 

SX 1 = 0, 5S = (2.11) 



1 With this choice of light-cone directions the conventional coordinates of the IIA theory will 
be obtained by compact ifying the X 11 direction. 
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The nonlinearly realized supersymmetries will be associated with a second 16-component 
spinor parameter e associated with the components that satisfy F~a = and act as 

5X 1 = JLct'S, 5S = -2=xVe (2-12) 



v'P + \/P + 

where j 1 is a 16 x 16 50(9) gamma matrix and the ~ will be used to distinguish the 
nonlinearly realized symmetries from the linearly realized ones. 

The physical states consist of 44 transverse symmetric traceless tensor states \U) (with 
\IJ) = \JI) and | J J) = 0) representing the graviton, 128 gamma-tracelss spinor-vector 
states | AI) (with r^ s |AZ") = 0) representing the gravitino, and 84 antisymmetric tensor 
states \LMN) representing the three- form potential. These states form a representation 
of the linear supersymmetries generated by the action of the sixteen components of S A , 

S A \IJ)=T I AB \BJ) + T J AB \BI) 

S A \BI) = -T J AB \IJ) + —(r ILMN + 6d IL T MN )\LMN) (2.13) 
S A I LMN) = Y L A ^ \BN) + Tfg \BL) + T AB \BM). 

2.1. Super symmetry in the light-cone gauge 

The Lagrangian of eleven-dimensional supergravity QXJ] contains three fields: the gravi- 
ton hfn/, the gravitino ^ A and the three-form potential C^p. The covariant equations of 
motion imply k^kp, = together with the physical state conditions, 

kph% = ±hh% r*9fi = k^ = r-M fl = o, k»c% = o . (2.14) 

The light-cone gauge is reached by using the reparameterization invariance, local 
supersymmetry and the local symmetry associated with the three- form potential to impose 
the conditions 

h + = 0, = 0, C fi + = 0. (2.15) 

As usual, the light-cone vertex operators will have a particularly simple form in a frame in 
which k + = 0, which is attainable in general when there are few enough external particles. 
It is also convenient to take k~ to be finite so that, with the condition k^kp, = 0, the 
transverse momenta satisfy k^ki = 0, which is only possible for complexified momenta. 
The physical momenta can then be reached by analytic continuation. This kinematic set-up 
has proved useful in superstring calculations and will be general enough for our purposes. 
In this case the conditions ( |2.14j ) become 



kih 1 ^ = hph'j, k^ 1 = = (T J kj - T+k'^p, T 1 ^! = r+vD", k T ci% = 0. 

(2.16) 
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The components are determined by the constraints ( |2.14j) for non-zero k + but are 
unrestricted when k + = 0. In writing ( |2.16|) we have assumed that the components, 

are non-infinite. Another condition that follows from ( |2.14| ) when k + ^ is the trace- 
lessness condition, h/ = 0, from which it follows that the physical state condition for the 
graviton in ( |2.16| ) is, 

kih 1 ^ = 0. (2.18) 

When k+ = 0, the light -cone tracelessness condition does not follow from ( |2.14j) but it can 
be imposed by hand. 

The physical fields are classified in representations of 50(9). Thus hjj is a traceless 
symmetric second-rank tensor, while hf is a vector and h~~ is a scalar. The components 
of the three-form potential are Cijk and Cjj~ . The gravitino decomposes into two SO (9) 
parts, 

^EP+f| + p-fj = (^^ (2-19) 

where = i^T^Y^ . The transverse components ipf^f are two spinor- vectors while 
ip~ A , ip~ A are two spinors. These satisfy the constraints, 

-y'tffo = 0, 7 7 A;Va = 
The covariant supersymmetry transformations of the component fields are given byH 

Sh^ = <5tt A = D^u)a + T^otF 0m , 8C% = (2-21) 

where the linearized covariant derivative is defined by 



D^(u)a = fa + k^h &](i T^)a (2.22) 

ovariant F^p 

T is defined by 



(3) 

and the super-covariant Fp,c,pa is simply the field strength F^ps = Ak^C-^y The tensor 



rpjiupax _ J_ ^Y^vpax _ gpp^x^A^ ^2 23) 

where rj^ is the Minkowski metric. 

In the light-cone gauge the supersymmetry transformations ( 2.21 ) must be accom- 



panied by compensating gauge transformations in order to preserve the gauge conditions 
( |2.15| ). The compensating reparameterizations are determined by 

5h + = -a(T+^ 1 + r'tf +) + fc+f 7 + k T £ + . (2.24) 
2 



2 Numerical factors differ slightly from Q. A similar normalization has been taken in [12]. 



so that the light-cone gauge condition, hf = is preserved by choosing 

£' = -^oT+vI/', = . (2.25) 

Hence the transverse components of the graviton transform in the following way, 

1 



Shu = aT {I yj) - -j^aT+kyVj) 

= Vl(iWJ) + £1{iWj) ~ v2e fe+ 
where i(}j,^/)j,t] and e are 50(9) Majorana spinors defined by 

fa = ^r+r-^,, fa = h-r+^j 



(2.26) 



(2.27) 



(3) 

The reparametrization transformations on and C L l IN vanish in the free- field limit 
and supersymmetry transformations for these fields in ( |2.21|) are to be compensated by 
gauge transformations, 

5V fi = kf i l3, 5C$~ = 3k [fl v^ h (2.28) 

where the gauge parameters f3 and v^ v are an SO(10, 1) Majorana spinor and a two-form, 
respectively. Their compensating gauge transformations are 

= -a - ^T+^aF^pa, v IJ = -^aT+ [I ^j h v+ = 0. (2.29) 
Hence the transverse components of the gravitino transform in the following way 

= Dja + l(r/^F A ^ - %T^F im )a - k T a - ^T+^ a aF^ p& , (2.30) 



Wlmn = ^[lm^n] ~ -^ak [L T+y N] . (2.31) 



In terms of SO (9) spinors, 
Sfa =k [L h M]n LM V + ^j JLMN F JLMN + 2^ LMN k L ci% N - ^ LMN kjCP MN ) V 

- k [+ h J]n J e - ^ ^j JLMN F JLMN e + ■ ■ ■ , 
Sfa = - ^k+ hlJ l J V + ^ + (7 /LMAf - ^ MN S IL )C[% N r, 



+ k[ L h M ]n e + 72 w/ fJLMN + 247 l^imn + 4 7 ™i LMN) e 
+ ••• 

(2.32) 



where • • • indicate terms with longitudinal polarizations and 

SC LMN = ^ni[LM^N] + ^H[LM^N] ~ ^-J^^Ll N)- (2-33) 



3. Supersymmetry and the vertex operators 

Before showing in some detail how the vertex operators are determined by the require- 
ment that they form a representation of the supersymmetry algebra we will summarize the 
results. The vertex operator describing the emission of an on-shell physical field, $, will 
be written in the form 

V* = U&e- ik - x = U^e- lk ' xI{ - r) e lk ~ p+ \ (3.1) 

where the prefactor U$> depends on the species of field. 
The following notation will also be introduced, 

n LMN = ]_ Sl LMN s ^ n IL = . ( 3 . 2 ) 

The operators 1Z IL form a representation of the transverse SO (9) algebra and are trans- 
verse angular momentum operators. Extensive use will be made later of the SO (9) Fierz 
identity 

S A S B = \t AB + ^(lu) AB Sj IJ S + ^jk) AB Sj ijk S, (3.3) 
which is valid for sixteen-component Majorana spinors. 

3. 1 . Summary of vertex operators 

Graviton Vertex Operator: 

The transverse graviton vertex operator is given by 

U h = h IJ (X I X J - 2X I 1l JM k M + 2n IL n JM k L k M ), (3.4) 

while the longitudinal vertex operators are given by 

U h - = -hj-p+ (X 1 - U JM k M ) , (3.5) 

U h — = h~~p + p + . (3.6) 
The graviton wavefunctions in these expressions satisfy the conditions ( |2.18[ ). 
Gravitino Vertex Operator: 
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The transverse gravitino vertex operator is given by 
Uip = i^jy^+S^ 1 - 2K IJ kj) + -^=$1 {7 ■ XS(X T - 2K IJ kj) + ^ L Sn IJ TZ LM kjk M } 



(3.7) 

while the longitudinal gravitino vertex is given by 

Uj,- = -ip-p + S - • XS. (3.8) 

They satisfy the physical state conditions ( |2.20| ). 
Three-Form Potential Vertex Operator: 

The vertex operator for the transverse components of the field strength of the poten- 
tial, is given by 

U oW = Fjlmn (X 1 - 2 -K IJ kj)K LMN . (3.9) 
The longitudinal components of the field strength have vertex operators defined by 

U c(3) - = -F LMN ~p+R LMN : (3.10) 

and the components of F are constrained by ( |2.16| ). 

One direct way of checking the expressions for the vertex operators is to evaluate 
their matrix elements between on-shell states and compare with the expressions for the 
three-particle couplings in the field theory. As an example, consider the three-graviton 



vertex in light-cone gravity which is given by [13 



L 3 ~ 2h JL d K h u d L h 1K - h^dxhudLhu. (3.11) 

This is easily seen to be equal to the expression obtained by taking the a matrix element 
of the graviton vertex operators, 

A 3 = (h u k 1 \h I 2 J (p I p J - 2/^ JM A;f + 2K IL K JM k%k¥ )e~ lk ^ x \h^ fc 3 ) (3-12) 

where \h^i k%) = h^ J e~ lk3 ' x \IJ) and use has been made of the fact that TZ JM acts as an 
angular momentum on the graviton states so that, 

K JM \RS) = \{5 MR \JS) - 5 JR \MS) + 5 MS \RJ) - S JS \RM}). (3.13) 
3.2. Super symmetry transformation on vertex operators 



The vertex operators defined in ( |3.4| ) to ( |3.9j ) may be derived from the requirement 
that they form a representation of the linearized supersymmetry transformations of eleven- 
dimensional supergravity. We will go some way to demonstrating this explicitly although 
we will not give a complete discussion of all the supersymmetry transformations. 
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Proceeding by analogy with the method used in light-cone gauge string theory [14 
(which was explained more fully in [IS]), the 32-component supercharge, Q A , decomposes 
into the SO (9) spinors Q A (with parameter rj A ) and Q A (with parameter e A ). Whereas 
the momentum and the Q A supercharge are given by their free-field expressions the op- 
erator Q A , as well as the hamiltonian H, receive interaction corrections at every order in 
perturbation theory. The algebra, 

{Q A Q B } = 2p+8 AB , {Q A Q B } = V2 1I X I , {Q A ,Q B } = 2HS AB , 

(3-14) 

[H,Q A } = 0=[H,Q A ], 

determines the form of the interaction corrections. 

We may expand the interaction operators in powers of the fields, H = H 2 + H% + . . ., 
Q A = Q A + Q A + . . ., where a subscript n indicates an operator that has n powers of the 
fields. The lowest-order corrections to the free-field algebra are given by 

[# 3 ,Q A ] = o, {QtQ B } = ^ (3-15) 

and 

[H 2 , Q A ] + [H 3 , Q A ] = 0, {Q A Q B } + {Q A , Q B } = 2H 3 5 AB . (3.16) 

These expressions determine how the free-field generators (H2, Q A and Q A ) transform the 
interaction terms. 

To make contact with the vertex operator description we can associate each n-field 
interaction term with a state in the n-particle Hilbert space so that 

H 3 - |JET> 3 , Qi - \Q A )3- (3.17) 

Cubic interaction vertices are then identified with matrix elements in which one of the 
three external legs is a physical on-shell state, $, 

14 = ($|tf> 3 , Wi = ($|Q A ) 3 - (3.18) 

These are representations of the interactions in a two-particle space that can be represented 
by single creation and annihilation operators in a standard manner. The supersymmetry 
transformations of the vertices therefore follow by taking the corresponding matrix element 
of (|3~TBD, 

SVh = WVO. = V h (6h) + V c(3) (5C ( - 3) ) : 5V C(3) = V^ty) 
~5V h = V^)+e A ^W A , 

A (3.19) 

6V4, = V h (~5h) + V C(3) CSC ( V) + c A ^W A , 



~SV ci3) =V i ,m + e A ^-W A 3 , , 



where the 5's are the variations associated with the free-field supersymmetry operators in 
( P-15|) and ( |3.16|) and the time derivatives are generated by H 2 - The operators Wh, 
and W C {3) , defined in ( |3.18| ) , transform under supersymmetry as 

SWh = W^Sip), 5W^ = W h (5h) + W C(3) (5C (3) ), 5W C(3) = W^Sip), 
efS e2 Wf - e?W£(8 e ^) - (1 <-> 2) = 2e}e}V h , 

efS £2 W* - e?(Wf(8 e2 h) + W^ 3) (l 2 C^)) - (1 - 2) = 2e^e^%, (3 ' 2 ° } 
4KW^ - efw£&^) - (1 - 2) = 2eMv^ } . 

In (|3.19| ) and ( |3.20| ) the supersymmetry-transformed wavefunctions such as 5h are given 
by the linearized supersymmetry transformations of the fields, (|2.26| ), ( |2.32| ) and ( |2.33| ). 

3.3. Linear supersymmetry on the graviton vertex 

Under the linearly realized supersymmetry transformation, 5X 1 = 0, 5S = \Zp+r], the 
graviton vertex operator, Vh = Uh,e lk ' x (with Uh defined in (|3.4|) ), transforms according 



to, 

SV h = -h I jy/pt(X I rrf JK S k K + lW K S S 1 JL S k K k L )e- lk - x 

^ (3.21) 

= k [L h I]jV1 LI ^S(X J - 2K JM k M )e- lk - x . 

Hence the linear supersymmetry transformation of the graviton vertex operator is the 
gravitino vertex, U^e~ lk ' x (with defined by ( p.7|) ), with the wavefunction 5ifj given by 
( |2.32|) . None of the other terms in the gravitino vertex ( [3 .71) contribute since they depend 
on (|2.32|) , which vanishes for the linear components of supersymmetry when k + = 0. 

3.4- Nonlinear supersymmetry on the graviton vertex 

To determine the full structure of gravitino vertex operator including the terms 
in (|3.7| ) depending on ip, a non-linearly realized supersymmetry transformation on Uh 
has to be performed. Under the non-linear supersymmetry transformations SX 1 = 
— 2e , y I S/ \/p+ , 8S = iX I ^ I e/ ' \fp^~ ■ The transformation of the graviton vertex is given 
by 

Vp+8V h =hu(- X 1 (5Sh JK S k K + ^{SS)j IK S S-f JL S k K k L )e~ ik - x 

+ ie 1 I k I SU h e~ ik - x ^ 3 22 ^ 

= _ ifojetfL^N _ 26 N L y + 25 NI 1 L )Sk L X N {X J - 2TZ JM k M )e~ lk - x 
+ 2ih IJ e 1 N k N S(X I X J - 2X I K JM k M + 2TZ IL U JM k L k M )e~ ik ' x . 
The last term, which is of order 5 5 , can be re-expressed using (|3.3|) as 



ih u ej N k N S n IL TZ JM k L k M = -lih u ej IL -f K S n KM TZ JN k L k M k N . (3.23) 

9 
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Hence, ( p. 22 ) can be written as 
SV h = 2ik~h IJ e 1 I ^/p~+S(X J - 2n JM k M )e- lk - x 

+ ^k [L h I]J e 1 LI -L= ( 7 ■ XS(X J - 2K JM k M ) + ~~/ K SK KM K JN k M k N )e~ ik - x 
. /p+ V) 



+ e A 



where 



dr 

(3.24) 

Wft = -^=hi^S)\X 3 -2R JM k M )e~ ik - x . (3.25) 
V P 

This is precisely of the expected form. The right-hand side of ( |3.24|) is the sum of the 
gravitino vertex operator (|3.7| ) with wave- function 5i/j(i/j) and the time derivative of Wh, 
which is thus determined. 

3.5. Linear supersymmetry on the gravitino vertex 

We shall now consider the linear supersymmetry transformation of the gravitino vertex 
operator ( |3.7|) which contains much information concerning the graviton and three-form 
potential vertex operators. In fact, since the transformation contains terms of order S°, S 2 
and <S 4 , which are the same orders as in Uh ( |3.4j ) and U C (3) (|3.9| ), it will be sufficient to 
calculate the linear supersymmetry transformation to confirm the structure of the other 
two vertex operators. The linear supersymmetry transformation, ( p.ll|) , of the gravitino 
vertex is determined by, 

6V4, =(^iP + V + ^HLf]X L ) {X 1 - 2TZ IJ kj)e- lk - x + (i/j iP +S + ^ nL SX L )(- V1 IJ 'Skj)e~ tk - X 

+ ^ nL nn IJ n LM kjk M e-^ x + ^ { n L )Svi LM sn IJ kjk M e-^- x . 

y y 

(3.26) 

In order to check that this agrees with the expected transformation it is necessary 
to use Fierz transformations to rearrange these terms so that rj contracts into the grav- 
itino wavefunction ip or ip. We will make use of four identities, ignoring the longitudinal 
polarizations, that follow from ( |3.3|) . Firstly, 

-i)iSS^ IJ r}kj = ipjrjTZ^kj - ^ n L nn ILM k M . (3.27) 

Secondly, 

-^a P SS~f IJ r]X p kje- lk - x = - {^a L n - r^X 1 ^ 1 k M e~ ik ' X - i) L l M r)k~ p + K LM e~ 

+ -^ n LM rjk N e-' k - x - 2^ Ll IM r 1 k N )X I K LMN e- tk - x 

_ ^ Lry MN vk - p + n LMN e -ik.X + 3^ Lr] k M X N n LMN e- lk - X 



dr I 2 ' ) 



(3.28) 
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The third Fierz identity that we shall use is 

^a L s V7 LM sn IJ kjk M = \ i, n L V K IJ K LM kjk M - I 4>a LM vk N K IJ n LMN kj, (3.29) 

while the fourth is 

$LT I sST LM 7pi IJ kjkM = - § (4>n LM vk N - 2i, Ll IM v k N )n LMN n IJ kj 

^ (3.30) 

+ 3^ L f ] k N n LMN 'Jz MJ kj. 

Substituting these identities into ( |3.26| ) gives 

sv^ = ^(iuMx 1 ^ - 2x I n JM k M + 2n IL n JM k L k M )e- lk - x 

+ I U n LM V k N - 2^ Ll IM V k N ) m LMN e- lk - X + ±(li$ Ll MN n LMN e -ik.X} 

2 V / dr v 2 ' 

- {\^l LM rikN ~ pLl IM vk N )K LMN K IJ kje- ik - x 

+ SV, 

(3.31) 

where SV denotes terms which contain non-transverse polarizations. 

The first line of ( |3.31| ) is the graviton vertex operator ( |3.4| ) with a polarization tensor 
5hu(rj) which was defined in ( 2.26| ). The terms in the second and third lines of (|3.31 



have the right form to reproduce the three- form potential vertex operator ( j3.9| ) as follows. 
Firstly using ( |Q7|) and ( gjgp , 

^n LM rik N -2^ LllM r ] k N )X I n LMN e- lk - x 

d ( 3 - 32 ) 

— AJ, nu vlnpLMN-ik-X ■ a / 7 0/ <r>LMN —ik-X\ K ' 

— ^W[llLMr\K N ^X /<. e - l-j^{W Ll M NV K- e ) 



Furthermore, using (|3.29|) and (|3.30|) , the terms in the third line of ( |3.31|) can be written 

as 

-{\^il LM r]k N -^ LlI Mrik N )n LMN n IJ k^^ 

(3.33) 

The terms in the second and third lines of ( |3.31|) therefore combine into 

4 x ^ [llLM rik N] (X 1 - 2 -K IJ kj)K LMN e-* k - x , (3.34) 

which is the vertex operator evaluated with the supersymmetry transformed wave- 
function. 
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3. 6. Linear supersymmetry on the three-form potential vertex 

The structure of the three-form pontential vertex operator has already been deter- 
mined from the linear supersymmetry transformation of the gravitino vertex but an addi- 
tional check is given by the linear supersymmetry transformation of the vertex. Given 
the expression for U C (3) in ( |3.9| ) this vertex can be written as 

t/ _ (vl 2 T,Ui, \spLMN -ik-X 

6 2 (3.35) 

= -^k L cf^ N (X 1 - -n IJ kj)K LMN e- ik - x + (total derivative) . 

3 

In the following we will drop the total derivative term, although this is an important 
contribution to contact interactions. The linear supersymmetry transformation of ( |3.35| ) 
gives 

(3.36) 

Using the following Fierz identity, 

kjk^^SS^S = kjk L Ci% N ( V1 LMN SSy j S + ^ LMNIP n S^S) (3.37) 

( |3.36| ) can be written as 

0U C (3) - -2>\/p ^k L C IMN [-try - -r/7 &l<, kj + —VI «->/c kj). 

(3.38) 

It is easy to check that this expression is equal to the part of U^{b r ili) which depends on 
C^ 3 \ Therefore, 5Uq(3) is consistent with the expected supersymmetry transformation 
( |3.19|) (ignoring the total derivatives). 



4. Dimensional reduction on S 1 

Type IIA supergravity arises by dimensional reduction of eleven dimensional super- 



gravity on a circle |16[] so that compactification of the vertex operators on a circle of radius 
Ru should coincide with the vertex operators of type IIA supergravity. For simplicity, we 
will set the momentum in the eleventh dimension to zero so that k\\ = 0. The case of non- 
zero kn describes interactions of D-particles. In making this reduction we will decompose 
SO(9) spinors into their SO(8) components so that 

S A = (S a ,S & ), (4.1) 
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where a, a label the two inequivalent SO (8) spinors (a, a = 1,...,8) and {S a , S b } = 
8 ab ,{S a , S b } = S ab . The 16 x 16 SO (9) gamma matrices decompose into the standard 8x8 
matrices, Y ab and 7^, in the following manner, 

for I = 1, ... ,8, and 

j=i v 7 

The following identities hold when I,J,K= 1, . . . , 8, 

n ij = syis + i^S, 7fc yfc = -Sj ijk S, (4.4) 
4 4 6 

where k are £0(8) vector indices, while if one of the transverse vector indices is in the 
eleventh direction we have 

n ij 11 = J_ S yj S _ ±-syis, 

12 12 (4.5) 



11 = =-SfS - ^S^S = -S-/ l S. 
4 ' 4 ' 2 ' 



l Si . 1„ <s 1 



The eleven-dimensional Fierz transformation, (|3.3|) , gives the following well-known ten- 
dimensional relations, 

gagb = gab + * abg ij^ ga gb = Kdb + * dbg ij§^ ( 4 _g) 

2 16 J 2 16 J 

To begin with we will review how the IIA supergravity vertices arise from the point-particle 
limit of those of the IIA superstring. 

4-1. Point particle limit of the IIA superstring vertices 

The vertex operator for any massless field, $, in IIA superstring theory has the form, 

vi IIA) = U { J IA) e- lk - x : (4.7) 

where 

U ( J IA) = C%bO A 6 B , (4-8) 

and is the on-shell wavefunction for $ which is either a second-rank tensor, a spinor- 
vector or a bi-spinor — A and B may either be vector or spinor labels. The prefactor is 
correspondingly a product of left-moving and right-moving bosonic or fermionic operators. 
In the light-cone gauge these are classified into SO (8) representations. 
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The left-moving and right- moving bosonic operators are either transverse vectors, 



B i = 8X i - \s~i u Ski , B l = dX i - \s~i u Ski (4.9) 
where i = 1, . . . , 8, or singlets, 

B + = 8 + =p + . (4.10) 

The left-moving fermionic prefactor has two pieces corresponding to the two inequivalent 
SO(8) spinors, 

f a = ^+S a , T h = —=(~/-dXS) & = : [j l S) & Sj lm S : k m , (4.11) 



while the pieces of the right-moving fermion prefactor are 

^ = y^+S & , T a = — ^(~f-dXS) a = : (~f l S) a S~f lm S : k m . (4.12) 

In these expressions dX = (d T + id a )X, dX = (d T — id a )X and {S a , S b } = 0. The point- 
particle limit of IIA string theory is simply obtained by dropping all the a dependence of 
the variables so that 

dX i = dX 1 = X\ (4.13) 

and only the zero modes of £ and S are retained. 

The tensor wavefunctions Qj, Q~ and describe the massless bosonic fields in the 
NS <S> NS sector while the bispinors ( a b , ( db , Cd6 and ( ab describe the massless bosons of 
the R<S> R sector (where the first index labels the left-movers and the second index labels 
the right-movers). Using the physical state conditions the latter can be written as, 

^ab 1 i <ab~ ijk ' a (, ' ^ ab % lab ^ 1 ijk lab ' 

where F i ~ = hC^~ - k~C^\ F tJ = 2fc [i cj ] 1) and F i + = while F ijk ~ and F ijkl are 
defined similarly in terms of The fermions are described by the spinor- vectors d a , 

da, C a ~ and Cd~- 

4-2. Reduction of the graviton vertex operator 



The reduction of the eleven-dimensional graviton vertex operator ( |3.4| ) on a circle gives 



rise to the vertex operators of the graviton (/i), dilaton ((f)) and one- form gauge potential 
(C^) in IIA supergravity theory. For simplicity, we will here consider only the transverse 
parts of the vertex operators. 
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The covariant relation between the eleven-dimensional M-theory metric and the ten- 
dimensional IIA metric in the string frame is given by the ansatz [|2| (setting the R <8> R 
vector field to zero), 

Gfiodx^dx* = e 4/3 ^(cten) 2 + e- 2/3 *g^dx' t dx v (4.15) 

from which the corresponding metric fluctuations are related by 

2 4 

hfj,u = h^ u - -<j)r)t,v, hnn = (4.16) 

where fi, v = 0, 1, • • • , 9. However, we want to compare the ten-dimensional and eleven- 
dimensional theories in their respective light-cone gauges. In particular, setting = 

in ( pLl6|) leads to 

h\ A _ = ~l<f> = -h nil , (4.17) 

while the usual ten-dimensional light-cone gauge condition in the type IIA theory sets 
/^a = o Thig 

means that in order to compare with the usual light-cone vertices of the 
IIA theory it is necessary to perform a gauge transformation in order to transform away 
the component /i5._ after the identification (|4.16|) is made. But the condition 7i5._ = can 

obviously only be compatible with the eleven-dimensional condition h-\ = by relaxing 

the tracelessness condition, h\ = h\ + /inn = 0. As remarked earlier, in the kinematic 
regime k + = this tracelessness condition is not a necessary consequence of the choice of 
light-cone gauge, and we will choose the very convenient alternative constraint 

/in n = 0. (4.18) 

Upon dimensional reduction the ten-dimensional graviton and dilaton vertex operators 
are both contained in 

Ul° =h l3 (X l - l-S^Sh)^ - l -S^ m Sk m ) + hnnS^SS^Skikm 

Z Z o 

" 777 ( kPh pi - l -k l hl){S 1 u SS 1 im S+~S 1 u ~S~S 1 im ~S)k m 

24 i 2 i (4-19) 

=hij {X* - -S^Sh) (X* - -S^ m Sk m ) 

+ ^hnn(S~? u SS~f im S - ^S-f U SS-f im S - ^Sj u SS~f im S) k { k m 

where the light-cone de Donder gauge condition (the first condition in ( |2.16| )) has been 
used. Substituting ( |4.16| ) and ([4.17| ) in (|4.19| ) gives the string-frame expression, 

u* A =hff(X* - ^SY l Sh)(X^ - l -S^ m Sk m ) 

+ hl^x'Xi - ^Xi(s-y u s + sy l s)k + ^{s^ss^s + s 1 u ~s~s 1 ™~s)k l k m ). 

(4.20) 
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It is easy to see that the terms in the first line of ( [4. 20|) have the form of the point-particle 
limit of the IIA graviton vertex operator. The dilaton vertex can be identified as the 
trace part of the hfj vertex. The presence of the term with polarization tensor is 
simply a reflection of the fact that the unphysical /i5._ polarization (|4.17|) is generated by 



the dimensional reduction ( |4.15| ) in the light-cone gauge. Therefore, the condition ( |4.18| ) 



hn 11 = is exactly what is needed to remove the redundant terms in ( 4.2U ) and obtain 
the IIA graviton and dilaton vertex operators. 

The vertex operator of the one-form gauge potential of the IIA theory is obtained 
from the graviton vertex operator by the identification /in M = C^. Taking one of the 
indices in ( |3.4j ) and ( 13.51) to be 11 gives 

U x c % =hm[- X'Si'Sk, + ](SY l S + S<y il S)S'y s S hk 3 ] 

(4.21) 

= -kjhmlS'fSX 4 - —(Sj ji ySS^ lm S - S-f Jl -f l SS-f lm S)k m ] 

where the Fierz identity for 50(8) spinors 

^Sj m SSj il Skik m = --CSy l ~? p SS~f pq Skik q (4.22) 

6 

has been used. This coincides with the expression for the one- form vertex operator of the 
IIA theory up to a total derivative which is irrelevant here. 

4-3. Reduction of the gravitino vertex operator 

The eleven-dimensional gravitino decomposes into two ten-dimensional Majorana- 
Weyl spinor- vectors V Lfl , ^ R ^, 

= \{l + T 11 )^, fl „ = i(l - r 11 )^ (4.23) 

where the subscripts L, R correspond to the two chiralities which are correlated in IIA 
string theory with the left and right directions on the worldsheet. 

Upon compactification, the above decomposition is accompanied with a shift of the 
eleven-dimensional gravitino which is given by the covariant relation, 



= - ^rntfu, (4.24) 



where \I/^ A is the gravitino wavefunction in the IIA string frame. Given the eleven- 
dimensional light-cone gauge condition, = 0, the type IIA theory has nonvanishing 
^nA proportional to ^n. This is analogous to the earlier discussion in which we saw 
that in general /i5._ 7^ when = 0. Just as this was remedied by making the choice 
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hn 11 = as a metric constraint, it is convenient to make the choice f n = as an alter- 
native to the eleven-dimensional gamma-tracelessness condition in ( j2.14|) . In this way the 
supersymmetry transformations of section 3 still work with the trace part of the graviton 
vertex mapped to the gamma-trace part of the gravitino vertex. 
The physical state conditions for the gravitino are then 

k% = 0, fc% A = 0, k ■ = /e A r ■ tf, *u = (4.25) 

which can be rewritten as, in the light-cone gauge with k + = 0, 



k*ki = 0, fc^j(^z) =0, = = 



(4.26) 



The light-cone components of the spinors, (|4.23| ) , are obtained as before by projecting 
with P ± , 

r Li = (p + ^Li) a , r Li = (p-y Li r, r Ri = (p+^ Ri f, r Ri = (p-^ Ri ) a . (4.2?) 

Without loss of generality, we will consider only the left-handed gravitino, ^l^- The 
transverse part of the dimensional reduction of the gravitino vertex operator, (|3.7| ), gives 



1 X iA , 1 

/p- 



K° L =VP+^S(X l - ^Skj) + -j=Ml ■ *S - -nSST^kmKX* - -S^Sk,] 



^y/p+^SS^kj--^ 



p+ipiSS^kj ^^ssyiss^skjkrn 



+ 



^=$ il iS(S 1 i iSS 1 lm S + S^SSj^^kjk 



18VP+ 

where the subscript L has been omitted and the following Fierz, 



(4.28) 



^ijjSS-yaSki = ^^SS^Sh , (4.29) 

has been used which can be derived using ( [4.6|) . The terms in the first line of ( |4.28f) are 
apparently the vertex operator for the spin-3/2 states in the point-particle limit of IIA 
string theory from which the gamma-trace part can be separated as the dilatino vertex 
operator. It would, then, be expected that the remaining terms in ( f4.28|) should vanish. 
Indeed, using the physical state conditions, ( f4.26|) , and the ten-dimensional Fierz, ([4.6| ), it 
can be shown that these terms vanish up to total derivative terms. 
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4-4- Reduction of the three-form potential vertex operator 

The eleven-dimensional three- form potential gives rise to both the NS&NS two- form, 
B^v, and the R®R three-form potential in ten dimensions. The components of (|3.9|) with 
one index in the eleventh direction results in the NS (g> NS two-form vertex operator upon 
compactification, 

U B ° =^F mmn [ - ^TZ nj TZ lmn kj -S(X l - ^K lj k j )n mnn ] 

= - ^F nlmn [X l (S~f mn S - S~f mn S) + -S^SSj^Skj - -S^SS^Skj] 

(4.30) 

where use has been made of (JOj), ( [Op and the Fierz identity 

kjFm^S^SS^S = - A k J F lllmn S^ l S~S 1 mn ~S. (4.31) 
Up to a total derivative (|4.30|) can be written as 

Ub = \c { ^ lm [X l {S 1 mn S~~S 1 rnn ~S)k n + ^S^SS^Skjkn]. (4.32) 

(3) 

Using the identification C\ llm = B\ m this expression coincides with the the point particle 
limit of the IIA NS <g) iVS'two-form vertex. 

The R £g> R three-form potential vertex is obtained by taking all the indices of ( |3.9| ) to 
be in the transverse SO (8) 

u h%) = \Fumu{X l - lsY J Sk 3 - lsY J Skj)S 7 lrnn S. (4.33) 

o 

After a few manipulations this is seen to be equivalent to the vertex of IIA supergravity, 

Ul% = F llmn [SY lmn l P S(X p - ^S^Skg) + S^ lmn YS(XP - ^SY q Sk q ) ] (4.34) 

The superscript nA indicates that the vertex is that of IIA supergravity (while the su- 
perscript 10 in (|4.33|) means the vertex is obtained from dimensional reduction of the 
appropriate eleven-dimensional vertex). 



5. One-loop amplitudes in the light-cone gauge 

In this section the first-quantized description of the eleven-dimensional theory de- 
veloped in the previous sections will be applied to the calculation of one-loop Feynman 
diagrams by integrating over the world-lines of the circulating particles. This will fill in 
some of the details of the calculations of the i? 4 and A 16 effective interactions of the type 
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IIB theory outlined in || and [|J . In addition other interactions of the same dimension are 
obtained from one-loop processes in the eleven-dimensional theory. 

The world-line path integral for the one-loop n particle scattering amplitude in eleven 
dimensional supergravity is given by 

An = J^jvxj V8e~ ft ( f dt^V^(t^)), (5.1) 

where the vertex operators representing the emission of on-shell particles were defined 
in section 3. The one-loop amplitude of eleven-dimensional supergravity compactified to 
(11 — d) dimensions on a <i-torus, T d , can be written as 

A{ n d) =^J§[ rf n - d P $:^ T(p2+G(d)/JMj) ^(n ( / * (r vw(*w))\ , (5.2) 

{h} \r=l I 

where G^f] is the metric on T d , I 1 are the Kaluza-Klein momenta, Va is the volume of the 
torus T d and p is the loop momentum transverse to the compact directions. The overall 
factor 1/Vd is the measure for the summation over the Kaluza-Klein momenta and the 
trace in ( |5.2| ) is taken over the fermionic modes Sa- The brackets denote the path ordered 
expectation value of the vertex operators evaluated with the following Green functions 
involving the fluctuating quantum fields. 

(X\t)Xi(t>)) =^G B (t,t>) = ^(i^l + ^-^) 

2 21 , (5.3) 

(S A (t)S B (t>)) =S AB G F (tit')=S AB ( 1 -sgn(t-t') - . 

The universal momentum factors of e~ lkX in the vertex operators give contributions to 
the expectation value of the form 

(TX e -ikiX(ti)} = e -J2i^ k ^ GB ^'^\ (5.4) 

In the following example we will only be interested in the leading terms in the low en- 
ergy expansion, which means that only the loop amplitude with the lowest number of 
momenta needs to be considered. Hence the contribution ( |5.4j ) can be replaced by 1 in 
this approximation. 

The SO (9) fermionic spinor operator S can be expressed in terms of eight creation and 
eight annihilation operators which span the space of 256 polarizations of the supergraviton. 
The only nonzero contributions come from traces with at least sixteen insertions of the 
operator S A . We shall focus on a 'protected' class of amplitudes where the path integral 
over the fermionic world-line variables in which the vertex operators introduce precisely 
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sixteen fermionic zero modes. For this special class of amplitudes there are no contractions 
involving the Green functions ( f5.3| ) . The bosonic vertex operators ( |3.4] ) (|37TO|) contain the 
two bilinears, 

n LMN = l Sl LMN Sj U IL = l Sl IL S . (5.5) 
J. Zi 4i 

The sixteen factors of S in the trace are provided by the eight 7£'s in any of the protected 
one-loop amplitudes with external bosons. The trace of sixteen S A is given by 

Tr(S Al ■■■S Al °) = e Al - Al6 , (5.6) 

from which it is easy to deduce the tensors that arise from matrix elements of the various 
different combinations of 'JZ LMN and 1Z IL . For example, the tensor t%6 defined by the trace 
involving eight 1Z IL is defined by 

r ie ~ e 1a 1 a 2 ia 3 a 4 7a 15 a 16 - \°-') 

Nontrivial relations between the various tensors can be found using Fierz transformations. 
Amplitudes with external fermions also contain the trace of sixteen factors of S A which 
can be arranged by Fierz tranformations into the trace of products of eight bilinears of the 
form (|5.5| ). 

We therefore see that for the protected processes the trace over the S A, s simply 
produces a kinematic factor. The leading term in the low energy expansion of the amplitude 
can then be obtained by setting the external momenta to zero in the integrand which makes 
the integration over the proper times trivial, simply giving a power T n in the integrand. 
The resulting expression for the leading term in the low energy expansion of (|5.2| ) for a 
protected process with n external states has the form 

A id) = 1 kn ^L T n+d/2-ll/2 y e G^^l lhF{G ( d )IJ^ h) (58) 

Hz Jo T f-^ 

{iii 

where K n is the kinematic factor for a specific scattering amplitude depending on particle 
species and F(G^ IJ , //) is a generic function of the torus metric and the Kaluza-Klein mo- 
mentum. The extra factor of yV 2-11 / 2 comes from the integration over the non-compact 
loop momentum p. 

An important feature of the protected class of loop amplitudes that we are considering 
is that the contractions between the vertex operators does not generate any factors of the 



Green functions (|5.3| ), which have short distance singularities. The only contractions are 
between factors of e lk ' x . This feature is directly related to the fact that the contact 
interactions that are present in the complete theory do not, in fact, contribute to these 
particular processes. This justifies the fact that we have ignored such interactions. 
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5.1. Compactification on a circle 



We will now review the way in which one-loop calculations in compactified eleven- 
dimensional supergravity compare with known results from string theory. The simplest 
case is that of compactification on a circle which is equivalent to IIA string theory in ten 
dimensions [[| . for simplicity only four-point functions involving four bosonic fields in the 
NS <S> NS sector (the graviton, dilaton and two-form potential) will be considered. 

The dimensionally-reduced vertex operators of relevance are given by Q4.19| ) for the 
graviton and ( |4.32j ) for the two-form potential. A non-vanishing trace over the fermionic 
zero modes only arises from the part of the vertices of order S 2 S 2 which are given by 

V h = - A h lJ k k k l S 1 lk S~S 1 ^ l ~S, V B = - A B lJ k k k l S 1 lk S~S 1 ^ l ~S. (5.9) 

In the four-graviton one-loop amplitude in M-theory compactified on S 1 was calculated 
and it reproduced the well-known tree and one loop terms, 

/•OO -I 

A^ = CK + 2K / dff 1 / 2 V e-^i fl » =CK + #£(3) -g-. (5.10) 
Jo t n -^11 

The value of the constant C = 2ir 2 /3 can be determined by connecting it, via T-duality 
on a further circle, with the IIB theory. Using the relation Rn = g s (where g s is the 
type IIA string coupling) the first term on the right-hand side of ( |5.10|) is interpreted as a 
one-loop term in type IIA string theory whereas the second term corresponds to a tree-level 
string theory term. 

The kinematic factor K takes the form, 

K = t il - i H jl ... js R^ 4 2 ■ ■ ■ £ff (5.11) 



where the tensor £ ll "" l8 (i n = 1, • • ■ , 8) is defined in ]17j and the linearized Riemann tensor 
is replaced by a generalized tensor which also contains the two-form potential and the 
dilaton, 

-^*i*2jij2 = ^ii kji \hi2j2 "I" ^i-zii ~ ~^3i 2 j 2 <fi). (5.12) 

This is the tensor that can be obtained from the four-point tree-level amplitude of type II 
string theories including the NS <g> NS two-form potential and the dilaton [|18] . 
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5.2. Compactification on a two torus and type IIB string theory 

The compactification of eleven-dimensional supergravity on a two dimensional torus 
T 2 of volume V2 = -Rg-Rii(in the M-theory frame) and complex structure O is related to 
the IIB string theory compactified on a circle of circumference r^(in the string frame) 
[flSfl , where the complex structure is identified as the modulus, tb, of IIB string theory 
The SL(2, Z) self-duality of IIB string theory is identified with the invariance of M-theory 
under the group of large difleomorphisms of T 2 . 

The correspondence between the parameters of the two theories is fl9f 



n = t b (= + ze-^ B ), r B = V 2 " 3/4 0^ 1/4 = R^R^' 2 (5.13) 

where C^°\ 4>b are the IIB R® R scalar and dilaton, respectively, and O = fii + iO,^. The 
metric on the torus is given by 

The zweibein in a special Lorentz gauge can be written as 




< = Vn;lo 1) < 5 - 15 ' 

where i, a(= 1, 2) denote the two-dimensional world and tangent space indices respectively. 
The zweibein parameterizes the coset SL(2,R)/U(1) where the SL(2,R) acts by matrix 
multiplication from the left and the local U(l) acts from the right which can be used 
to fix the gauge (|5.15|) . Fixing the local U(l) symmetry leads to the standard nonlinear 
realization of the SL{2, R) transformation acting on the complex structure Q, 

n-^±| (5.16) 

where the coefficients are integers and satisfy ad — be = 1. It is convenient to go to a 
complex basis in the tangent space, z = X\ + 1x2, z = x\ — 1x2 in which the zweibein now 
reads 




e " = Nttli -J' a = z >~ z (5 - 17) 

and the inverse zweibein is 



1 fl -n 



z,z. (5.18) 



We will begin by reviewing the one-loop calculations of four-graviton || and sixteen- 
fermion H] scattering amplitudes. Amplitudes that involve C^ 3 ** will also be calculated and 
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may be of interest in relation to the matrix theory calculation of the three-form potential 
scattering amplitudes [p0| . Applying (|5.2|) to the case of the two torus compactification, 
the four-graviton one-loop amplitude H can be written as 

2 m,n J ° 

where the kinematic factor K R 4 is ( |5.11| ) with the two-form pontetial and the dilaton set to 
zero. A double Poisson resummation turns the sum over the Kaluza-Klein charges (m, n) 
into a sum over the windings (m, n) of the loop around the two cycles of T 2 and ( |5.19[ ) 
can be expressed as 

V 2 Ag = ^KV 2 + KV~ 1/2 f^°\n, O) (5.20) 
where /(°'°)(f2, f2) is the <SX(2, Z)-invariant nonholomorphic modular function, 

/ ,0 ' 0) (^>= E uSm- ^ 



(rh,n)#(0,0) 



The R term conserves the U(l) charge of classical IIB supergravity and in the decom- 
pactification limit V 2 — > 00 the first term in (|5.20| ) gives a finite i? 4 interaction in the 



eleven-dimensional theory. Other IIB four-point bosonic amplitudes which conserve the 
£7(1) charge and share the structure ( p.20| ) have kinematic factors that can be schematically 
written as! 



(dF 5 ) 4 + (dGdG*) 2 + (dPdPy + R (dGdG* + dPdP*) + 8PdP*dGdG* + ■■■, (5.22) 

where the ellipses denote additional mixed terms. Here F5 is the self-dual five-form field 
strength and G is a complex linear combination of the NS ® NS and R ® R three-form 
field strengths given by 

G= — =(dC (2) -rdB), (5.23) 



/2t2 

while the Maurer-Cartan form is given by, 

P, = \ 9 -f- (5-24) 
2 r 2 

The fields F5, G and P have U(l) charges zero, one and two, respectively, while the complex 
conjugate quantities, denoted G* and P* , have U{1) charges of the opposite sign. 

Such terms can be systematically described in linearized IIB superspace in terms of a 
constrained scalar superfield, $(x, 9), where 9 is a sixteen-component complex Grassmann 



Such terms were also discussed in [21] 
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coordinate that transforms as a Weyl spinor of SO(9, 1). After imposing the appropriate 
constraints $ has the expansion ||22j| , 



$ = r + A, (5.25) 

where tq is the constant value of the complex scalar field and A is the fluctuation defined 
by 



A =( r _ t ) + i9*X + e*T^ p 6G^ p + i9*T^ p 99*T p d v ^ p + 9*T^99*T 9R pvpa 
+ 9*T fJ,l,p 99*T <TVW 9d IJ , (F 5 ) „ p a r)ui + d 5 d 2 ^ + d*7 ,iv m*>y a 9d*>fe{d IT d u G* lu , p ) 



+ e 7 d 3 x* + e 8 d*T* 

(5.26) 

where A, ij) p are the dilatino and the gravitino, respectively. The terms of order 9 5 and 
higher have been written schematically (except the term of order 9 6 which will be used 
later). The linearized interactions of the component fields in the limit of weak coupling 
(to — > oo) are contained in || 

S = (a'fRe J d 10 xd 16 9F[$]. (5.27) 

The component interactions are obtained by Taylor expanding F in powers of A followed 
by integration over the 16 Grassmann parameters. Of course, this expression does not 
capture the modular properties of the complete nonlinear interactions. 

The R 4 term occurs at order A 4 together with the terms in ( |5.22|) . For example, 
(dGdG*) 2 is obtained by combining two powers of each of the 9 2 and 9 6 terms. The 
Grassmann integration generates the pattern of contractions between the tensor fields. 
The terms in ( |5.22| ) also arise naturally from the eleven-dimensional perspective with 



appropriate identifications of the polarization tensors as will be seen shortly. 

The sixteen-dilatino term A 16 has U(l) charge 24. This interaction was obtained in 
0] by a covariant argument using the fact that the zero-momentum eleven-dimensional 
gravitino vertex can be expressed in terms of the eleven-dimensional supercharge. The 
same result can be obtained using the light-cone gauge gravitino vertex operator (P77|). 
The only contributions come from factors in which there are eight vertices from each of 
the if) i and ipi terms in ( |3.7|) . This follows from the fact that only terms with no net power 
of p + contribute to the momentum integral. Furthermore, there must be a total of sixteen 
powers of S so that the only terms in the vertex (|3.7| ) that contribute to the amplitude are 

= V^+ipiSX 1 , Ur = -^=$n ■ XSX 1 . (5.28) 



V> / + 
VP 

The complex dilatino field A is a ten-dimensional Weyl spinor that is identified with a 
particular polarization state of the eleven-dimensional gravitino compactified on T 2 so its 



25 



vertex operator follows simply from (|5.28 ) H. The amplitude can then be obtained in much 



the same way as for the four-graviton case using (|5.2|) . The significant new feature is the 
presence of a complex function of the Kaluza-Klein momentum in front of the exponential, 

m,n J 1 vV 2 S2 2 ( 5 .29) 

= ^ A16 v 2 - 1/2 / (12 '- 12) («,fi)- 

The kinematic factor is K\ie is proportional to e AlA2 '" Al6 \A 1 ^A 2 ■ ■ ■ ^A 16 and /( 12 > -12 ) is 
a modular form of weight (12, —12) that is given by 

V ' ' (m,n)#(0,0) 1 1 

In contrast to the U(l) charge conserving amplitudes considered before, the A 16 term 
violates 24 units of U(l) charge and is not present in the eleven-dimensional theory. This 
is seen explicitly from ( |5.29| ) which vanishes in the eleven-dimensional limit V — > oo, while it 
survives in the ten-dimensional IIB limit. This is true for all the other U(l) charge violating 
terms. In j33[ the explicit form of ( |5.3U| ) was derived from space-time supersymmetry and 
SL{2, Z) invariance of IIB string theory alone. 

In Pj the scalar field strength P^ ( |5.24| ) of IIB supergravity was identified with the 
component uj z ^ z of the spin connection of eleven dimensional supergravity on T 2 which 
can be written as 

Wzpz = ^leld^hij, (5.31) 

where i,j = 8, 11 and P* corresponds to u^. The one-loop amplitude that generates the 
interaction (dPdP*) 2 in ( |5.22| ) gets contributions from the factors lZ zl lZ zm and TZ zl TZ zm 
in the graviton vertex operator, (|3.4|) . 

We will now consider the vertex operators for the three-form potential which 
reduce, upon compactification on a torus, to the IIB two-form potentials and four-form 
potential . The correspondence is given by 

r (3) _ r (4) r (3) j3 r (3) _ r (2) /k o 9 \ 

where /i, u, p are SO(8, 1) indices. Therefore, in terms of the M-theory parameters, the 
complex three-form field strength G ( |5.23| ) can be written as 

k [p C ^u]z = 2J v 2 fl 2 ^t^Hs _ ^[p^Hh) (5.33) 
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and G* is identified with k[ p C^\~. The transverse part of the vertex operator (|3.9|) 
gives the vertex for transverse components of the IIB self-dual five-form field strength 



Vp 5 = h C \±\ ¥ + \w%)K lmn <r ik - X (5-34) 
and those for the polarization (|5.33| ) and its complex conjugate are given by 



Vg = k [t C%l ]z (p, + \n*ik 3 )n l ™e~ ik - x , Vg* = k {l C^ n] - z ( Pz + 2 -K^k )K l ™e-^ x 

(5.35) 

where i,j, /, m, n are 50(7) vector indices. 

We will now discuss 'protected' interaction terms that include the antisymmetric ten- 
sor C 3 field associated with the vertices ( |5.33| ) and ( |5.34|) . There are two amplitudes that 



only involve G and G* with nozero U(l) weight namely G 8 and G 5 d 2 G*. It is easy to see 
that in the calculation of the G 8 amplitude saturating the fermionic modes picks out the 
PzTZ lmn term of each the vertex Vg in ( |5.35| ). For the G 5 d 2 G* amplitude a combination of 
four factors of the pz1Z lmn term in Vg, one factor of the TZ^TZ n kj term in Vg, and one 
from the TZ z: >7l lrnn kj term in Vg* is required. These amplitudes can be calculated in the 
same way as the A 16 term and result in effective interactions of the form f^'~^G 8 and 

f(2-2) G 5 d 2Q* where 



J v ' ; r 3/2 ^ 2 m + nfi 11 
J ^ ' > r 3/2 ^ 2 m + nfi 7 



(5.36) 



The transformation properties of the fields and the generalized modular functions in (|5.36|) 
lead to the expected SL(2, Z)-invariant interactions in the IIB theory. 

More generally, the exact expression for all the protected IIB higher-derivative inter- 
actions that follow from the expansion of ( |5.27| ) can be deduced by considering the appro- 
priate decompactification limit of one-loop amplitudes in compactified eleven-dimensional 
supergravity. The resulting interactions are proportional to 

d 10 x Jge-^ 12 f( w >~ w \ T , f)V {2w \ (5.37) 
where V^ 2w ^ denotes an interaction between a set of fields with net U(l) charge 2w and 

/( ..-.) (T|T) = r(« + s/2) E nr + forw>0 
J K ' r 3/2 ^ 2 m + m 2w + 3 

V ' ' (m,n)#(0,0) 1 1 



/<»-«>(^™ £ ^<_, <5 ' 38> 

(m,n)^(0,0) ! 
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Another interesting IIB amplitude which can be obtained in this way is the amplitude 
involving four self-dual five- form fields F$. The eleven dimensional vertex (|5.34| ) gives the 



amplitude which involves (F^)u mn g. From the self-duality of F 5 it follows that (F 5 )u mn8 is 
equivalent to (F^)iji mn , hence the amplitude calculated in eleven dimensional supergravity 
on T 2 can be expressed covariantly. Indeed, the wave function C^ n in (|04l) has 35 
physical degrees of freedom which is the number of physical components of the self-dual 
five-form F5. The calculation of the four dF$ amplitude is analogous to the R 4 amplitude 
and it is straightforward to show that the amplitude has the same modular structure 
( p.20| ). The main difference lies in the fact that the r JZ l J'JZ lrnn term in each vertex (|5.34 ) 
contributes to the amplitude, resulting in the following kinematic factor 

(dP 5 ) 4 = j d lG e(e*T^pee*T^ed^P 5 ) up(Tri Sf (5.39) 

Similarly terms like (dF$)R 2 and (dGdG*) 2 in ( |5.22| ) can also be obtained as well as 
terms involving the fermionic fields. The (dF*,) and (dF$)R 2 vanish in the AdS§ x S$ 
background of IIB in which F5 is a constant. This is in accord with expectations based on 



the AdS/CFT correspondence [p4| , |25 



The (dGdG*) 2 together with the (dF^) 4 interaction vertex in nine dimensions, has 
a piece which survives the decompactification limit to eleven dimensions and produces a 
(9F4) 4 term in eleven dimensions. This term is a higher derivative correction of the eleven 
dimensional supergravity and appears at the same order as R . The four-point scattering 
amplitude of the three-form potential was calculated in using the matrix theory at 



one-loop and identified with the classical supergravity result. It would be of interest to 
see how the vertex (dF^) 4 together with other terms (such as the R 4 term) arise in matrix 
theory. 

It would be interesting to use the eleven-dimensional vertices in situations with 
nonzero momentum in the eleventh dimension to describe the interactions of D-particles 



which should agree with results of [2(J obtained by quantization of the massive ten- 
dimensional superparticle in static gauge, although we have not checked this. Another 
interesting generalization would be the formulation of covariant superspace vertex op- 
erators for the eleven-dimensional superparticle. This would be a generalization of the 



open-string vertex operators of |14 

Acknowledgements 

The work of M. Gutperle was supported in part by NSF grant PHY-9802484. The 
work of H. Kwon was supported in part by ORS Award and Dong-yung Scholarship. 



28 



References 



[1] E. Cremmer, B. Julia and J. Scherk, Supergravity theory in eleven dimensions, Phys. 
Lett. 76B (1978) 409. 

[2] E. Witten, String theory dynamics in various dimensions, Nucl. Phys. B443 (1995) 
85 , |hep-th/9503l2l . 

[3] M.B. Green, M. Gutperle and P. Vanhove, One loop in eleven dimensions, Phys. Lett. 
409B (1997) 177, |hep-th/97U6lT5 . 



[4] M.B. Green, M. Gutperle and H. Kwon, Sixteen fermion and related terms in M theory 
on T 2 , Phys. Lett. B421 (1998) 149, |hep-th/971U151 . 



[5] M.B. Green, Connections between M theory and superstrings, Nucl. Phys. Proc. Suppl. 
68 (1998) 242, |hep-th/9712195 . 



[6] J.G. Russo and A. A. Tseytlin, One loop four graviton amplitude in eleven- dimensional 
supergravity, Nucl. Phys. B508 (1997) 245, jhep-th/9707134| . 

[7] E. Cremmer and S. Ferrara, Formulation Of Eleven-Dimensional Supergravity In Su- 
perspace, Phys. Lett. 91B (1980) 61. 

[8] Z. Bern and D.A. Kosower, A new approach to one loop calculations in gauge theories, 
Phys. Rev. D38 (1988) 1888 ; M.J. Strassler, Field theory without Feynman diagrams: 
One loop effective actions, Nucl. Phys. B385 (1992) 145 , |hep-ph/9205"205| . 

[9] Z. Bern, L. Dixon, D.C. Dunbar and D.A. Kosower, Advanced techniques for multi- 
parton loop calculations: A Minireview, hep-ph/9706447| and references therein. 
[10] Z. Bern et ai, On the relationship between Yang-Mills theory and gravity and its im- 
plication for ultraviolet divergences, Nucl. Phys. B530 (1998) 401, [hep-th/9802162| : 
Z. Bern, L. Dixon, M. Perelstein and J.S. Rozowsky, Multileg one loop gravity ampli- 
tudes from gauge theory, [hep-th/9811140 . 



[11] M.B. Green and M. Gutperle, Effects of D instantons, Nucl. Phys. B498 (1997) 195, 
[hep-th/9701093 . 



[12] B. de Wit, K. Peeters and J. Plefka, Superspace geometry for supermembrane back- 
grounds, Nucl. Phys. B532 (1998) 99, hep-th/9803209. 

[13] M. Goroff and J.H. Schwarz, D-dimensional gravity in the light-cone gauge, Phys. Lett. 
127B (83) 61. 

[14] M.B. Green and J.H. Schwarz, Covariant Description Of Superstrings, Phys. Lett. 

136B (1984) 367 ; Properties Of The Covariant Formulation Of Super string Theories, 

Nucl. Phys. B243 (1984) 285. 
[15] M.B. Green and N. Seiberg, Contact Interactions In Superstring Theory, Nucl. Phys. 

B299 (1988) 559 . 

[16] I.C. Campbell and P.C. West, N=2 D = 10 Nonchiral Supergravity And Its Sponta- 
neous Compactification, Nucl. Phys. B243 (1984) 112 ; M. Huq and M.A. Namazie, 
Kaluza-Klein Supergravity In Ten-Dimensions, Class. Quant. Grav. 2 (1985) 293 . 



29 



[17] M. B. Green and J. H. Schwarz, Super ■symmetric dual string theory (III); loops and 

renormalization, Nucl. Phys. B198 (1982) 441. 
[18] D.J. Gross and J.H. Sloan, The Quartic Effective Action For The Heterotic String, 

Nucl. Phys. B291 (1987) 41 . 
[19] J.H. Schwarz, The Power of M Theory, Phys. Lett. B367 (1996) 97; P.S. Aspinwall, 

Some relationships between dualities in string theory, Nucl. Phys. Proc. Suppl. 46 

(1996) 30, |hep-th/9508154 . 



[20] J. Plefka, M. Serone and A. Waldron, D=ll SUGRA as the Low Energy Effec- 
tive Action of Matrix Theory: Three Form Scattering, JHEP 9811 (1998) 010, hep- 
th/9809070. 

[21] A. Kehagias and H. Partouche, The Exact quartic effective action for the type IIB 

superstring, Phys. Lett. B422 (1998) 109, |hep-th/9710"023| . 
[22] P. Howe and P. West, The Complete N=2, D = 10 Supergravity , Nucl. Phys. B238 

(1984) 181. 

[23] M.B. Green and S. Sethi, Supersymmetry constraints on type IIB supergravity, Phys. 
Rev. D59 (1999) 046006, |hep-th/980806l| . 

[24] J. Maldacena, The large N limit of super conformal field theories and supergravity, 
Adv. Theor. Math. Phys. 2 (1998) 231, hep-th/9711200. 

[25] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from non- 
critical string theory, Phys. Lett. 428B (1998) 105, hep-th/9802109 ; 
E. Witten, Anti de Sitter Space and Holography, Adv. Theor. Math. Phys. 2 (1998) 
253, hep-th/9802150. 

[26] R. Kallosh, Covariant quantization of D-branes, Phys. Rev. D56 (1997) 3515, |hep- 
th/9705056| . 



30 



